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■ Abstract. Suppose E is fully symmetric Banach function space on 



< 



> 



o 



(0, 1) or (0, oo) or a fully symmetric Banach sequence space. We give 
necessary and sufficient conditions on f G E so that its orbit il{f) is the 
closed convex hull of its extreme points. We also give an application to 
symmetrically normed ideals of compact operators on a Hilbert space. 



1. Introduction 



Let I be either the interval (0, 1) or the semi-axis (0, oo) and suppose 
/ G Li{I) + L^{I). We define the orbzt n{f) of / to be set of Tf where 
T : Li + ^ Li + Loo is an operator with \\T\\l^^l^, \\T\\l^^l^ < 1 (see 
[9l[T2]). Then it follows from the Calderon-Mitjagin Theorem p!|l3|[9|[TT] 
that ^{f) can be characterized as the set of (7 G Li + Loo such that 

(1) / 9*{s)ds< [ f*{s)ds, 0<t<oo 

Jo Jo 

where as usual /* is the decreasing rearrangement of |/| (see [|2]for defini- 
O . tions). This may be written g ^ f where ^ is the Hardy-Littlewood-Polya 

ordering. Thus E is an exact interpolation space if and only if it is fully 
i. symmetric (see 

■ The extreme points of ^{f), which we denote de^{f) were obtained in 



[13] (for case of spaces on (0, 1)) and [1| (for the general case). Except in 
the special case when I = (0, 00) and E D L^o these are given by de^{f) = 
{g : g* = f*} (see [|2]for full details; in the exceptional cases the extreme 
points from a subset of this set). Let Q(/) be the convex hull of the set 
{g '■ g* ^ f*}- Then it is clear that if E is fully symmetric and f & E the 
closure Qsif) of Q{f) in E coincides with the closed convex hull of defl{f). 

In [12] it was shown for the case of / = (0, 1) that the orbit ^{f) is always 
weakly compact in Li(0, 1). It follows from results in [6] that if E is an 
order- continuous (equivalently, separable) symmetric function space (which 
is necessarily fully symmetric) and f E E then f2(/) is weakly compact in 
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E. Thus it is an immediate consequence of the Krein-Milman theorem that 
QeU) coincides with 

For the case of non-separable fully symmetric spaces the situation is less 
clear. The example E = L^o and / = 1 shows that QeH) may still coincide 
with Q{f). This problem was first investigated by Braverman and Mekler 
[2] for the unit interval i.e. I = (0, 1). They gave a sufficient condition for 
^(/) = QeH) in terms of the behavior of the dilation operators ar (see ^ 
for the appropriate definitions). Precisely they showed that if is a fully 
symmetric Banach function space on (0, 1) such that 

hm = U 

then = Qsif) for every f & E. This condition is, however, not neces- 
sary since it may fail in separable symmetric spaces (e.g. E = Li). 

Recently two of the current authors [H] found a necessary and sufficient 
condition for the similar problem concerning the positive part of the orbit. 
If / > we denote by Q+U) the set {g : g e ^l{f), g > 0}. In [H] it was 
shown that for a fully symmetric Banach function space E with a Fatou 
norm (sometimes called a weak Fatou property) that if / G E+ then ^l+{f) 
coincides with the closed convex hull of its extreme points if and only if a 
local Braverman- Mekler type condition holds. If J = (0, 1) or if / = (0, oo) 
and E is not contained in Li{0, oo) this condition takes the form 

(2) hm tAinh = 0. 
If / = (0, oo) and E G Li we must replace ([2]) by 

(3) hm = 0. 

T— >oo T 

The results of [14J imply that under the same hypotheses on E (full sym- 
metricity and a Fatou norm) that ([2]) and ([3]) are sufficient for QeU) = 

Our main result in this paper is to show that, indeed, if E' is a fully sym- 
metric Banach space with a Fatou norm on (0, 1) or (0, oo), ([2]) and ([3]) are 
necessary and sufficient for VL{f) = QeU)- These results are Theorems 14.11 
14.21 and 14.31 below. We also establish the corresponding result for sequence 
spaces in Theorem 14. 5j sequence spaces were not covered in [H] so we are 
also able to complete the picture for the positive part of the orbit. 

We conclude the paper with an application to orbits in symmetrically 
normed ideals of compact operators on a Hilbert space. 
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2. PRELIMINARIES 



In this section we present some definitions from tlie tlieory of symmetric 
spaces. For more details on tlie latter tlieory we refer to p!|[9|[T0]. 

Let / denote either (0, 1) or on (0, oo) with Lebesgue measure /i. If 
/ G Li{I) + Loo{I) we denote by /* the decreasing rearrangement of /, i.e. 



This defines the Hardy-Littlewood-Polya ordering. 

A symmetric Banach function space E' on J is a linear space with Li n 
Loo C C Li + Loo, with an associated norm || ■ ||_b such that {E, \\ ■ \\e) 
is complete and if / G -E, g E Li + L^o with g* < f* then g ^ E and 
WqWe < WIWe- We will use E^ to denote the positive cone of E i.e. {f : f & 
E, f > a.e.}. We will also assume the normalization that ||X(o.i)|| = 1- 
Let ^PE{t) = \\X{o,t)\\E be the fundamental function of E. 

E is said to have a Fatou norm if for every sequence {fn)'^=i of nonnegative 
functions such that fntf a.e. with f E E we have lim„_^oo ll/nlU = ll/IU- 

A symmetric Banach function space E is said to be fully symmetric if 
and only if / G -E, g E Li + Loo with g ^ f, then g E E and 1 1/| Is < \ \g\\E- 
E is fully symmetric precisely when E is an exact interpolation space for 
the couple (Loo(/), Li(J)) by the Calderon-Mitjagin theorem [3l[TT]. In this 
paper we will only consider fully symmetric Banach function spaces. 

We will need the following inequality can be found in [9], Theorem II.3.1. 
If /,5f G Li + Loo, then 



If L^ is a fully symmetric Banach function space and / G L' we define the 
orbit of / by ^{f) = {g '■ g* ^ /*} C E. The set of the extreme points of 
the set ^{f ) is well-known (see and, if / = (0, 1) or / = (0, oo), and 

E does not contain Loo it is given by 



If / = (0, oo) and E contains Loo we must make a small correction: 





t G /. 




^,{n{f)) = {geL^ + L^■. f* = g*}. 



d,{Qif)) = {geL, + L^: /* = g*, \g{t)\ > lim f*{s) a.e. }. 
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We define to be the convex hull of the set {^f G Li + Loo : 9* < f*}- 

We will denote by QeU) ^^e closure in E of This is easily seen to 

coincide with the closed convex hull of dS^{f). Thus QeU) C ^^(/). 

We next define the dilation operators ow E. If r > and / = (0, oo) the 
dilation operator a,- is defined by setting 

K(/))(s) = /(./r), s>0. 

In the case of the interval (0, 1) the operator (Jr is defined by 



{<yrf){s) 



fis/r), s<min{l,r} 

0, T <S <1. 



The operators (r > 1) satisfy semi-group property cr^-^ar^ = ^txti- If is 
a symmetric space and if r > 0, then the dilation operator Or is a bounded 
operator on E and 

W^^tWe^e < max{l,r}. 
If is a fully symmetric function space on (0, oo) then E + L^o is also a 
fully symmetric function space under the norm 

ll/IU+Loo = ||/*X(0,1)|U- 

The next Lemma will be used later. 

Lemma 2.1. Let E he a symmetric function space on (0,oo), such that 
E \ Li and suppose f E Li n E. Then 

lim T'^\\(Jr{f)\\E = lim r'^hT{f)\\E+L^- 

r— >oo r— >oo 

Proof. We may suppose / is nonnegative and decreasing. Let ip = (pE he 
the fundamental function of E and let ip be its least concave majorant of 
ip. Since E\Li 7^ we have lim.t-^^ 'ip'{t) = 0. For any r > 1 we have, using 
Theorem II. 5. 5 of [9J 

||((^t/)X(1,oo)|U < \\f{r~^)X{0,l) + {(^Tf)X(l,oo)\\E 

pi POO 

<fir-') / ^'is)ds+ / ^'is)fiT-\s)ds 



<^(l)/(r-i) + r j y{Ts)f{s)ds. 

Now we have, since / G Li, 

lim T-^f{T-^) = 

T— f 00 

and by the Dominated Convergence Theorem, 

/»00 /"OO 

lim / ilj'{Ts)f{s)ds = lim / X{T-\oo){s)ip'{rs)f{s)ds = 0. 



r— >oo / _i 
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Hence 

lim T"^||(a^/)x(i,oo)||E = 

r— >-oo 

and the Lemma follows. □ 

We next discuss the corresponding notions for sequence spaces. If ^ = 
(Cn)^i is a sequence then ^* denotes its decreasing rearrangement: 

C = ,,inf ^ sup \Ck\- 

|A|=n-l fcgp 



A Banach sequence space E is called symmetric ii ^ & E and rj* < ^* implies 
that T) & E and ||r;||E < We write ^ ^ if 

n n 

fe=i k=i 

E is called fully symmetric if ^ E E and rj ^ imphes that rj E E and 
\\v\\e < IICII-E- If C is any bounded sequence we define its orbit — {v '■ 

In this context, we define the dilation operators only for m e N. Then 

<7m(0 = iCl, ■ ■ ■ , Cl) 6) ■ ■ ■ ) 6) 6 ■ ■ ■) 
where each is repeated m times. 

3. Approximation of the orbit 

Our first proposition gives a simple criterion which will enable us to check 
when = 

Proposition 3.1. Let E be a fully symmetric Banach space on (0, oo). 
Suppose f,g are nonnegative decreasing functions in E. Then g e Qsif) 
if and only if, given e > 0, there exists a nonnegative decreasing function 
h & E and an integer p such that < h < g and 

(6) \\g-h\\E<e 

and 



' h{t) dt< f{t) dt, 0<pa<b 

pa J a 



< OO. 



Proof. Suppose first g E Then given e > there exist fi,...,fpEE 

such that f* < / for 1 < j < p and 

\\g-^{fi + --- + fp)\\E<e. 

Let 

u^^{fi + --- + fp), ^ = + 
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Then if h = g Av*, using ([5]) 

\\g - He < \\g - g A u*\\e < \\g - u*\\e < \\g - u\\e < e. 

It remains to observe that ([7]) holds by Lemma 4.1 of |8]. 

The converse is easy. If h satisfies (E]) and then h G aQ{f) for every 
a > 1 by Theorem 6.3 of [8]. Hence h G QeU) so d{g, QeU)) < e- D 

The next Lemma is surely well-known but we use it in the main result 
and include a proof for completeness. 

Lemma 3.2. Let F he a continuous nonnegative increasing concave func- 
tion on [0, oo) with F{0) = 0. Let us suppose that {an)n& is an increasing 
doubly infinite sequence of distinct positive reals with 

lim an = 0, hm a;„ = oo. 

n—^—oo n^oo 

Suppose that {f3„)nei. is any sequence with 

< /3„ < F(«„), neZ. 

(i) There is a least concave function G on [0, oo) such that G'(O) > 0, and 
G{an) > Pn for n E 'L. G is continuous nonnegative and increasing and 
G(0) = 0. 

(ii) Furthermore if n Eli then either 

G{t) = G{an)t/an, < t < 
or there exists m < n so that 

G{t) = Pm+ ^^"^"^ — ^{t-am), am<t<an. 

Proof, (i) is almost immediate. G is defined as the infimum of the collection 
C of all increasing concave functions H on [0, oo) such that H{an) > Pn for 
all ?7. G Z and i?(0) > 0. This collection is non-empty since F E C. G is 
affine on each interval /3n+i] and since G < F, G is continuous at 0. 

For (ii), assume G is not affine on [0, Then there exists a least p < n 
so that g is affine on [a^, Let Gq be the function equal to G on [0, Op-i] 
and oo) and affine on [Q;p_i,a„]. Then for any < A < 1 we have 
(1 — \)G + \Go ^ C. Hence there exists k{\) E {p,p + 1, . . . ,n — 1} so that 

(1 - \)G{ak(x)) + AGo(«fc(A)) < /3fc(A)- 

Letting A — through as a suitable sequence where k{X) = m < n is 
constant we obtain G{am) = Pm and the second alternative holds. □ 



We now prove our main result. 



ORBITS IN SYMMETRIC SPACES, II 



Theorem 3.3. Let E be a fully symmetric Banach function space on (0, oo) 
with Fatou norm. Suppose f G \ Li is such that fl{f) = QeU)- Then 

lim r-la.(r)|U = 0. 

r— >oo 

Proof. We may suppose that / is decreasing. We let 

Fit) = f f{s) ds. 
Jo 

Let us define a doubly infinite sequence {an)n£Z by F{an) = (5/4)". 

We next introduce the family /C of doubly infinite sequences k = (K„)„gz 
such that either k„ G N with 1 < Hn < dn+i/^n or = oo. Then /C is a 
complete lattice under the order k < if k„ < n'^ for all n. We may define 
the lattice operations (k V = max(K„, k^) and [k A = min(K„, k'^). 

For each k G /C we define ip^ & E as follows. Let \E'(t) = nit) be the 
least increasing concave function such that ^'(O) > 0, 



and 

^(on) > if K„ = oo. 

The existence and properties of \E' are guaranteed by applying Lemma 
when a„ = K„a„ if < oo and q;„ = a„ if k„ = oo and /3„ = -F(a„) if 
< oo and /3„ = if k„ = oo. Since -F(a„) < F{nnO'n) it is clear from 
Lemma 13.21 that \E' exists and \E' < F. Furthermore \Ef is piecewise affine 
on (0, oo) and we may define ip,^ = \E'' is a nonnegative piecewise constant 
decreasing function on (0, oo). Clearly G ^{f) C E. 
We note some elementary properties of the map n ^ ipf^. 

Lemma 3.4. 

(8) ipK^i^K', ifK<K 

(9) ip^/^^> ^ V'k V K, k' G IC. 

Proof. ([HD is quite trivial. 
To see ([9]) note that 

t 

ma^{'4)^{s),i)^>{s))ds > max(^^(t),^^/(t)). 







Now if K„ A < oo and k„ < k'^ we have 

max(z/'«;(s), V'«;/(s)) (is > "^^innan) > P{ar, 
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and with a similar inequality when k'^ < k„ we obtain, from the definition 

of ^'kAk', 

/ max(z/'«;(s),?/'«;/(s)) (is > ^kak'(^)) < t < oo. 

^0 

This proves ([9]). □ 

Lemma 3.5. Suppose k, E K, satisfies 

(10) max(/t„, Kn+i) = oo, n G Z. 
Then for any n G Z such that < oo we have: 

(11) VKit) > — an<t< Knttn- 

Proof. If / is not identically zero then if),^ is only identically zero when k is 
identiclaly oo; we exclude this case so that ^['^(t) > for t > 0. Observe 
first that ipfi is constant on (a„, UnO'n)- If for every m < n such that < oo 
we have \E'K('«mCm) > F{am) then 

Otherwise, since ^E'k(^) > for all t > 0, we have that, by Lemma [3^ there 
exists m < n so that < oo and 

^«,(K„a„) - F{a 

WK\t) = , f^mO-m < t < Hn^n- 

Then 

F(a„) - F(a„) 

^^(t) > , an<t< K„a„. 

Noting that m < n - 2 by ([10]) so that F(am) < (4/5)^F(a„) this implies 
that (ITT]) holds for either alternative. □ 

For K E IC and r G N we will define a > by suppressing the values 
of K which are less than r. Precisely: 



Kfij if Kn ^ r 
OO if K„ < r. 



We next prove the following Lemma, which is the heart of the argument 
for Theorem 13.31 

Lemma 3.6. Under the hypotheses of the theorem, we have that for any 
K G /C 

lim llV^^^wllij = 0. 
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Proof. We will first prove the Lemma under the additional assumption that 
(fTOj) holds. Since IIV^kmH^; is decreasing in r (by ([8])) it suffices to show that 
for given e > we can find r so that ||'?AkhII-B < By Proposition 13.11 for 
any e > we can find a nonnegative decreasing function h < ipn and an 
integer p so that 

(12) / h{t) dt< I f{t) dt, 0<pa<b<oo, 

J pa J a 

and 

(13) \\^^-h\\E<e/lQ. 

We shall take r = 36p. Let v = lO^ip^ — h). We will show that '?/'^[ri ^ v. 
In order to do this we must show that if kIT' < oo we have 

(14) F{an) < I v*{t)dt. 

If K^-n < OO 







v*{t)dt > / v{t)dt 

J pan 

(l-Knan PKnan 
/ i)^{t)dt- I h{t)dt 
J pan J pan 

(pKnan /"Knan 
/ Mt)dt- / fit)dt 
J pan J On 

by f ll3p . Hence by fllip of Lemma 13.51 

"""" > 10 _ 

V 25/t„a„ 

Q 1 
> 10 __F(a„) - -F(a„ 
- V36 25 ^ ' 4 ^ 

This show that (IT^ holds and so ip^ir] ^ v and HV'khII-B < This com- 
pletes the proof when f lTOj) holds. 

For the general case let us introduce k(0)„ = k„ if n is even and ^(O)^ = 
oo if n is odd. Similarly ^(l)^ = k„ if n is odd and /t(l)n = oo if n is 
even. Both k{0) and /t(l) satisfy ( 1T0|) Then for an arbitrary k we have 
= k(0)M a k(1)M and so by 

limsup II^^mIU < limsup ||V'«,(o)m|U + hmsup ||V^«;(i)M H^; = 0. 

r— >oo r— >oo r— >oo 

□ 
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Next for any integer p we define 7^ = p if pa„ < a„+i and 7^ = 00 
otherwise. For each q > p we define 7^''' = p if pa„ < a^+i and \n\ < q and 
ryP,q — otherwise. Let ipp = i'-yp and ipp^g = ip-yP'i- 

Lemma 3.7. Under the hypotheses of the Theorem, 

hm WiJpWE = 0. 

p— >oo 

Proof. Clearly H^/'plU is decreasing in p. Assume ll^/'pHs > e > for all 
p G N. Since E has a Fatou norm for each p there exists q{p) > p so that 
||V^p,q(p)IU > e- Let 

= Ap7P'^(P). 

Thus K is given by the formula 

Kn = inf{p : p < an+i/an, \n\ < q{p)} 

and K has the properties that k < '^p^q(p) for all p and lim|„|_^.oo = 

By Lemma [3.61 there exists r G N so that H^/'khIU < ^- -^^^ then the set 
{n : < is finite and so there is a choice of p such that p > an+i/an 
whenever < r. Thus 7^ = 00 if k„ < r. Thus 

and so by (|H]), 

IIV'p,q{p)IU < e 

which gives a contradiction. □ 

We now can complete the proof of the Theorem. We will show that if 
p G N, 

(15) F{t)<^F{ph) + ^-j^^ Ms)ds, 0<t 

Indeed if f|T5l) fails for some t we can assume <t < a^+i for some n G Z. 
We first argue that a„+i < pa„. Suppose, on the contrary, that a„+i > pa^. 
Then we have 

5 /"^^* 5 /"^°" 5 

which contradicts our hypothesis. Next we show that 0^+2 < pa„+i. Indeed 
if an+2 > pcin+i, then pH > pa„+i and 

5 /"^^* 5 rP°-^+^ 5 

- V^p(s) > 4 y^ V^p(s) ds > -F(a„+i) > F(t). 

But then a„+2 < P^c-n and so 

^F{pH) > ^F(a„+2) = i^(a„+i) > i^(t) 



< 00. 
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and we have a contradiction. This estabhshes ( fTSjl . 

Now if r > 1 we replace t in ( IT5|) by t/r and interpret the inequahty in 
the form: 

-cTrf ^ ^ap-v((4/5)/ + (5/4)^p). 

Hence 



hm T-'\\arf\\E < (4/5) hm r~'\WJ\\E + (5/4) hm r-^a.^pHs 
SO that 



hm r-ia,/|U<(5V4)||^pb. 



Combining with Lemma 13.71 we obtain the theorem. □ 

The case when / G Li is handled by reduction to the previous case: 

Theorem 3.8. Let E be a fully symmetric Banach function space on (0, oo) 
with a Fatou norm. Suppose f is a decreasing nonnegative function such 
that f eE+nLi and QUI = Q-Eif)- Then 

hm r-i||a.(/*)||^+^^=0. 

T— f oo 

Proof. An easy computation shows that Q(/ + 1) = Q(/) + Q(l)- Hence 

Qe+l^ (/ + 1) D QeU) + Ql^ (1) = ^(/) + Q{l).liQ<geQU + ^) then 
g-g Me n{f) and ^ A 1 G 1^(1) so that n{f) + fi(l) = fi(/ + 1). Hence 
Q-E+Laaif + 1) = ^(/ + 1) and we can apply Theorem 13. 3[ □ 

4. The main results 
We can next state our main results: 

Theorem 4.1. Let E be a fully symmetric Banach function space on (0, oo) 
with a Fatou norm, and such that E \ Li ^ ^. Suppose f & E. Then 
^if) = QEif) if and only z/ lim^^oo ||(T^(/*) Hi? = 0. 

Proof If lim^^ooT-i||(T^(/*)||B = then fi+(/) C QeU) by Theorem 25 of 
[H] : thus fi(/) = QEif)- Conversely if fi(/) = QEif) we have either 

lim T-'\\arif)\\E = 

T— >00 

(when / ^ Li by Theorem 13. 3p or 

lim T-'\Mf)\\E+L^=0 



r— >oo 



(when / G Li by Theorem 13. 8p . Then Lemma [2.11 shows that in both cases 
we have limT-^oo T^"'"||crr(/)||_B = 0. □ 
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Theorem 4.2. Let E be a fully symmetric Banach function space on (0, oo) 
with a Fatou norm, and such that E C Li. If f E E then ^l{f) = QE{f) if 
and only if\im^^^T-^\\(yr{f*)\\E+L^ = \ira^^^T~^\\arif*)x{o,i)\\E = 0. 

Proof. The proof is very similar to that of Theorem 14.11 using instead The- 
orem 24 of . □ 

We first give the extension to function spaces on (0, 1). 

Theorem 4.3. Let E be a fully symmetric Banach function space on (0, 1) 
with a Fatou norm. Suppose f E E. Then ^{f) = Qsif) if o-nd only if 
hm.^oor-i|k,(r)|U = 0. 

Proof. We define F to be the function space on (0, oo) defined by / G -F if 
and only if /*X(o,i) ^ E and / G Li with the norm 

11/11^ = max(||rx(o,i)IU,||riUJ. 

Suppose f E E is nonnegative and decreasing. We will show that, regarding 
/ as an member of F, we have ^{f) = Qrif)- Note that the hypothesis 
Q[f) = QE{f) on (0, 1) implies only that if G F and g G VL{f) then g G 
Qpif) provided /i(supp5f) < 1. We will show, however, that ^{f) = Qpif) 
and then the Theorem follows. 

We will need the following Lemma: 

Lemma 4.4. Let h E F be nonnegative and decreasing. Suppose g E F is 
nonnegative and decreasing and satisfies the conditions such that g ^ h and 
g{x) = for some < x < oo. If there exists c > so that g(t) < h{t) for 
<t <c then g E Qrih). 

Proof. For any 6 > 1 we may pick p > x/c so that 

j h{s)ds <9 h{s)ds. 

Jo Jx/p 

Then if < pa < 6 < oo with c < b < x we have 

pb pb pb pb 

/ 9{s)ds< / h{s)ds<e h{s)ds<e h{s)ds. 

J pa Jo Jx/p J pa 

The same inequality holds trivially if 6 > x or 6 < c. Thus by Theorem 6.3 
of [8] we have g E XQ{h) for any A > 1 and the Lemma follows. □ 

We continue the proof of the theorem. We will assume, without loss of 
generality that f{t)dt = 1. First suppose g E ^{f) is nonnegative, not 
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identically zero, and decreasing and satisfies g{x) = for some < a; < oo. 
Given e > we may find Cq > so that 



/ f{s)ds<e/2. 
Jo 



Let 

Io9{s) ds 
a = sup . 

0<t<co f{s) ds 

We have a > and we may pick < P < a with (a — /3) < e/2 and then 
< c < Co with 

9{c) > M{c). 
Let c' > c be the least solution of 



a I f{s)ds= g{s)ds + {c' - c)g{c). 
Jo Jo 

We now define 

(g{t) + {l-a)f{t), 0<t<c 

g{c) + {l-a)f{t), c < t < min(c', 1) 

fit), min(c', 1) < t < 1 

t>l. 



h{t) = < 



From the construction we have h G ^{f)- Thus h G Qpif)- For any 

g{s) ds < h{s) ds. 



t < min(c', 1) we have 



If c' < 1 then 



/ h{s) ds = / f{s)ds> / g{s)ds, t>c. 
Jo Jo Jo 

If c' > 1 then 

'1 rl PC 

h{s)ds>{l-a) f{s)ds+ g{s) ds + g{c){l - c) 







>(!-«) / f{s)ds + l3 f{s)ds-e/2 + (3f{c){l-c) 



>(!-«) / fis)ds + P / fis)ds-e/2 
Jo Jo 

> 1 - e. 

Hence (1 — e)g ^ h and by Lemma [4.41 we have (1 — e)g G Qrih). Since 
e > is arbitrary we have g E Qrih) C Qpif)- 

Finally let us note for general nonnegative decreasing g E F we have 
lim^^oo \\g - gXio,m)\\F = so that we have fi^l/) = Qf(/)- 

Now the result reduces to Theorems 14.11 and 14.21 □ 
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The extension to sequence spaces requires similar type of argument: 

Theorem 4.5. Let E be a fully symmetric Banach sequence space with a 
Fatou norm and such that E\ii 0. Suppose ^ E E. Then ^{^) = Qe{0 
if and only if limm^oom~'^\\a.m{C)\\E = 0. 

Proof. We consider the Banach function space F of all bounded functions 
such that (/*(0), /*(1), . . .) e E with the norm 

ii/iiF = r(o) + ii(anr=iiu, 

where /*(0) = and a„ := £_^f*{s)ds, n > 1. Then let F(N) be 

the subspace of F of all functions / which are constant on each interval 
(n — l,n]. Clearly, the Banach spaces (-F(N), || ■ \\f) and {E, \\ ■ \\e) are 
linearly isomorphic, in particular 

||^IU<||ellF<2||^|U, \/^eE = FiN). 

Let E denote the conditional expectation operator 



f{t)dt. 



Suppose ^ is a nonnegative decreasing sequence and let 

oo 

The result will follow from: 

Theorem 4.6. = Qe{0 ^f and only if n{f) = QfU)- 

Proof. Let us suppose that VL{^) = Qe{0- We may suppose ^ has infinite 
support. Suppose g G is nonnegative and decreasing; we will show 

that g e Qrif) and then it follows that Qf(/) = ^(/)- 

Suppose e > 0. Then we may pick an integer m G N so that 

g*{m) — lim g*{n) < e/4. 

n—^oo 

Now E^f G Qrif) since n(^) = Qe{0- Hence, by Proposition 13. II there is a 
nonnegative decreasing function h with < h < Kg such that ||E(7 — /^H^; < 
e/4 and such that for some p eN, 

/ h{s)ds< / f{s)ds 0<pa<b<(X). 

J pa J a 

Next we define 

< s < m 




m < s < oo. 
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Note that < ip ^ g ^ f. We show that ip G Qpif)- Let us suppose 
r > p and that < ra < b. Then if m < ra we clearly have 



I pb 

(p{s) ds < f{s) ds. 

J a 



I ra 

On the other hand if < ra < m, let c = min(6, m). Then 

r-6 pb 

(p{s) ds < f{s) ds 



< / fis)ds + c^i/r 

J a 

J a V -"-jsm J c/r 



m J c/r 

Since r is arbitrary these estimate show that ip G XQ{f) for every A > 1 
(Theorem 6.4 of [8]) and hence ip G Qf(/)- 
Now 

\\9 - v\\f = Wig - ^)x{m,oo)\\F < Wig - Eg)x{m,oo)WF + ||% - ^IIf- 

However, 

oo 

Wig - Eg)xim,oo)WF < Yl 2(^7(j) - 9ij + 1)) < 

j=m 

Hence 

dig, QEif)) < II^-^IIf < e. 

Since e > is arbitrary we have g G Qf(/)- This shows that = Qrif)- 
We next turn to the converse. Assume Qsif) = ^(/) and that t] G fii^) 
is a decreasing sequence. Let g = J2neN^nX(n-i,n]- Then g G ^if) and so, 
by Proposition 13.11 given e > 0, there exists a decreasing < h < g with 
Wg — hWp < e and such that for some p G N we have 

pb pb 

/ his) ds < / fis)ds, <pa<b <oG. 

J pa J a 

Let C E E he defined by Cn = J^^i his) ds. Then for < pm < n we have 

pn pTi " 

J2 Ck= his)ds< / /(s)rfs= ^ ^fc. 

Hence ( G AQ(^) for every A > 1, by Theorem 5.5 of [8J, so that ( G QsiO- 
Furthermore, 

\\r^-CWE<W9-mF<W9-hWF<e. 
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It now follows that 77 G Qe{0 ^^e proof of the Lemma is complete. □ 

Theorem 14.51 now follows directly from Theorem 14.61 □ 

Let us observe that the argument of Theorem 14.61 allows us to complete 
the picture for positive orbits in |T3]: 

Theorem 4.7. Let E be a fully symmetric sequence space with Fatou norm. 
Then for any ^ G the set = ^^(0 ^ coincides with the closed 

convex hull of its extreme points if and only if 

lim m-ia^(OIU = 0. 

In fact we can prove by the same argument as in Theorem 14.61 that 
^+{0 = Qe{0 n if and only if = n F+. 

We remark that in [H] some examples of Marcinkiewicz spaces and Orlicz 
spaces are discussed in the context of Theorems 14. 14.21 14.31 and 14. 5[ We 
refer the reader to [H] for details. We take the opportunity to improve 
Proposition 33 of [Tl] : 

Proposition 4.8. Let M be an Orlicz function. Then for any f G Lm{0, 00) 
we have ^{f) = Qhuif)- Similarly for for any ^ G Im we have fi(^) = 

Proof. We give the proof only for Lm(0, 00). Suppose first that M{t) = ait) 
when t — )• 0. We show that || limT-_j,oo 'T^^^^rfWiM = whenever / G {Lm)+- 
Suppose a > 0. 



r 

for any r > 1. Since / G L^i there exists tq so that 

Vom(^) ds< 00. 

Now letting r — t- 00 we obtain from the Dominated Convergence Theorem 
that 

r^ooJo V ^ / 

SO that limr^ooT^^Wo-rfWLM = we can apply Theorem 14.11 

Now if M{t) > ct for all t > where c > we have Lm C Li. For any 
a > and r > 1 

£ M (^) ^ / rx,o.-, WM (^) 

As before the right-hand side is integrable for some t = tq and we can apply 
the Dominated Convergence Theorem to deduce that 'r^"'^||(crT-/*)x(o,i)||Ljv^ 
tends to as r approaches infinity. Now one can apply Theorem 14.21 □ 
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5. A NONCOMMUTATIVE ANALOG 

Let Ti he a separable complex Hilbert space. We denote by BiJ-L) the 
space of bounded operators on "H and by /C('H) the ideal of compact oper- 
ators on "H. For any T G 8(71) we define the singular values 

.„(T) = inf{||T(/-P)||, 

where the infimum is taken over all orthogonal projections P such that 
rank(P) < n}. 

If ii^ is a symmetric sequence space then we can define a Banach ideal of 
compact operators on "H by T G 5^ if and only if (sfc(T))^^ G E and then 
the norm is given by \\T\\e = \\{sk(T))'^=i\\E- For fully symmetric spaces 
this is well-known (e.g. see [7j but for symmetric spaces it follows from [8]). 

Let "H be a separable Hilbert space and suppose T G /C('H). Let Q(T) be 
the convex hull of the set {ATB; \\A\\, \\B\\ < 1}. We define its orbit n{T) 
to be the closure of Q(T) in )C{T-L). It is easy to check from the definition 
that Ren{T) if and only if 

n n 

^Sk{R)<^Sk{T), n = l,2,... 

fc=l k=l 

For any symmetric Banach sequence space E we may define Qe{T) to be 
the closure of Q{T) in Se- 

Theorem 5.1. Let £ he a fully symmetric sequence space with a Fatou 
norm. Suppose Se is the corresponding ideal of compact operators. Then 
for T & Se we have ^(T) = Qe{T) if and only if 

lim m~^\\am{sk{T))'^=i\\E = 0. 

m—^oo 

Proof Let ^ = (sfc(T))^^i. Let R G /C(7/) and let = (sfc(P))^i. If 
R G Q{T) then it follows from Proposition 8.6 and Theorem 5.5 of [8] that 
f] G XQ{^) for every A > 1. 

First suppose that fl(T) = Qe(T). If S* G ^{T) then given e > there 
exists R G Q(T) with \\R - S\\e < e. Let C = Then by the 

submajorization inequality of [5], 

so that ll?] — Clls < e- Since rj G Qe{0 e > is arbitrary, this implies 
that ( G Qe{0 so Qe{0 = ^(0- Theorem 14.51 can then be applied. 
The converse direction is immediate. □ 
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